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Abstract
We start with classical results due to Jacobi, Dirichlet and Lorenz which give the number of
representations of a number by various quadratic forms in terms of divisor functions. We express the
results in terms of products and series, then systematically dissect the products and series to obtain
further results of similar type. In particular, we obtain results of Legendre and Ramanujan, as well as
many others.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
There are several classical results which give the number of representations of a number
by a quadratic form in terms of a divisor function. The object of this note is to consider four
such results and from them derive many more of the same sort.
With dr,m(n) denoting the number of divisors d of n with d ≡ r (modm) and (n) the
sum of the divisors of n, the results we consider are the following. Proofs of all four can be
found in [3].
Theorem 1 (Jacobi [5]). The number of representations of n1 as the sum of two squares
is
r{+}(n)= 4(d1,4(n)− d3,4(n)). (J1)
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Theorem 2 (Dirichlet [1]). The number of representations of n1 as the sum of a square
and twice a square is
r{+ 2}(n)= 2(d1,8(n)+ d3,8(n)− d5,8(n)− d7,8(n)). (D)
Theorem 3 (Lorenz [8]). The number of representations of n1 as the sum of a square
and three times a square is
r{+ 3}(n)= 2(d1,3(n)− d2,3(n))+ 4(d4,12(n)− d8,12(n)). (L)
Theorem 4 (Jacobi [6]). The number of representations of n1 as the sum of four
squares is
r{+++}(n)= 8
∑
d|n,4d
d = 8
(
(n)− 4
(n
4
))
. (J2)
Each of these classical theorems is equivalent to a q-series result in which an inﬁnite
product is equal to aLambert series that can be expanded as a power serieswhose coefﬁcients
are given in terms of divisor functions.
The object of this note is to systematically dissect each of these identities and their
off-spring using just three simple q-series results given as lemmas below. This systematic
approach leads us to two classical results.
Theorem 5 (Legendre [7]). The number of representations of n1 as the sum of four
triangular numbers is
r{ + ++}(n)= (2n+ 1). (Le)
and
Theorem 6 (Ramanujan [9]). The number of representations of n1 as the sum of a
triangular number and three times a triangular number is
r{ + 3}(n)= d1,3(2n+ 1)− d2,3(2n+ 1). (R)
Most of our other results, while not so important, nevertheless appear to be new.Variants
of (1.1), (1.4), (1.5), (1.8) and (1.15) appear in Fine [2] as (31.21), (31.24), (31.23), (31.22)
and (31.53), respectively.
We obtain the following results:
r{ + }(n)= d1,4(4n+ 1)− d3,4(4n+ 1), (1.1)
r{+ 2}(n)= d1,4(4n+ 1)− d3,4(4n+ 1), (1.2)
r{2+}(n)= d1,4(8n+ 1)− d3,4(8n+ 1), (1.3)
r{ + 4}(n)= 12 (d1,4(8n+ 5)− d3,4(8n+ 5)), (1.4)
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r{ + 2}(n)= 12 (d1,8(8n+ 3)+ d3,8(8n+ 3)− d5,8(8n+ 3)− d7,8(8n+ 3)),
(1.5)
r{+}(n)= d1,8(8n+1)+d3,8(8n+1)−d5,8(8n+1)−d7,8(8n+1), (1.6)
r{+4}(n)= d1,8(2n+1)+d3,8(2n+1)−d5,8(2n+1)−d7,8(2n+1), (1.7)
r{ + 3}(n)= d1,3(2n+ 1)− d2,3(2n+ 1), (1.8)
r{3+ 2}(n)= d1,3(4n+ 1)− d2,3(4n+ 1), (1.9)
r{+ 6}(n)= d1,3(4n+ 3)− d2,3(4n+ 3), (1.10)
r{6+}(n)= d1,3(8n+ 1)− d2,3(8n+ 1), (1.11)
r{ + 12}(n)= 12 (d1,3(8n+ 13)− d2,3(8n+ 13)), (1.12)
r{2+ 3}(n)= d1,3(8n+ 3)− d2,3(8n+ 3), (1.13)
r{3+ 4}(n)= 12 (d1,3(8n+ 7)− d2,3(8n+ 7)), (1.14)
r{ + ++}(n)= (2n+ 1), (1.15)
r{+++}(n)= (4n+ 1). (1.16)
2. Preliminary results
As usual, let
(q)=
∞∑
−∞
qn
2
, (q)=
∑
n0
q(n
2+n)/2
.
We shall require the easy lemmas
(q)(q2)= (q)2, (2.1)
(q)= (q4)+ 2q(q8), (2.2)
as well as the (apparently new) result
(q)(q3)= (q6)(q4)+ q(q2)(q12). (2.3)
Proofs of lemmas:
(q)(q2)= (q
2)5∞
(q)2∞(q4)2∞
· (q
4)2∞
(q2)∞
= (q
2)4∞
(q)2∞
= (q)2.
(q)=
∞∑
−∞
qn
2 =
∑
n even
qn
2 +
∑
n odd
qn
2 =
∞∑
−∞
q4n
2 +
∞∑
−∞
q4n
2+4n+1
=(q4)+ 2q(q8).
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q4(q8)(q24)=
∞∑
k,l=−∞
q(4k+1)2+3(4l+1)2 =
∞∑
k,l=−∞
q4(k+3l+1)2+12(k−l)2
=
∑
u−v≡1 (mod 4)
q4u
2+12v2
.
We now consider the two cases v even, u even. If v is even, v=2k, u=4l+1 or−4l−1,
according as k is even or odd, while if u is even, u= 2k, v = 4l + 1 or −4l − 1, according
as k is odd or even. Thus
∑
u−v≡1 (mod 4)
q4u
2+12v2 =
∞∑
k,l=−∞
q4(4l+1)2+12(2k)2 +
∞∑
k,l=−∞
q4(2k)
2+12(4l+1)2
= q4(q32)(q48)+ q12(q16)(q96),
as required. 
Proofs of theorems: Eq. (J1) is equivalent to
(q)2 = 1+ 4
∑
n1
(d1,4(n)− d3,4(n))qn. (3.1)
That is, by (2.2) and (2.1),
((q4)+ 2q(q8))2 = ((q4)2 + 4q2(q8)2)+ 4q(q4)2
= 1+ 4
∑
n1
(d1,4(n)− d3,4(n))qn. (3.2)
If we extract those terms in which the power of q is 1 (mod 4), divide by 4q and replace q4
by q, we ﬁnd
(q)2 =
∑
n0
(d1,4(4n+ 1)− d3,4(4n+ 1))qn, (3.3)
from which we obtain (1.1).
By (2.1) and (3.3) can be written
(q)(q2)=
∑
n0
(d1,4(4n+ 1)− d3,4(4n+ 1))qn, (3.4)
from which (1.2) follows.
Using (2.2), (3.4) can be written
(q2)((q4)+ 2q(q8))=
∑
n0
(d1,4(4n+ 1)− d3,4(4n+ 1))qn, (3.5)
from which (1.3) and (1.4) follow.
Eq. (D) is equivalent to
(q)(q2)= 1+ 2
∑
n1
(d1,8(n)+ d3,8(n)− d5,8(n)− d7,8(n))qn, (3.6)
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or, by (2.2),
((q4)+ 2q(q8))((q8)+ 2q2(q16))
= 1+ 2
∑
n1
(d1,8(n)+ d3,8(n)− d5,8(n)− d7,8(n))qn, (3.7)
from which (1.5)–(1.7) follow.
Eq. (L) is equivalent to
(q)(q3)= 1+ 2
∑
n1
(d1,3(n)− d2,3(n))qn + 4
∑
n1
(d4,12(n)− d8,12(n))qn
= 1+ 2
∑
n1
(d1,3(n)− d2,3(n))qn + 4
∑
n1
(d1,3(n)− d2,3(n))q4n
(3.8)
or
((q4)+ 2q(q8))((q12)+ 2q3(q24))
= 1+ 2
∑
n1
(d1,3(n)− d2,3(n))qn + 4
∑
n1
(d1,3(n)− d2,3(n))q4n. (3.9)
If from (3.9) we extract those terms in which the power of q is 0 (mod 4) and replace q4 by
q, we ﬁnd
(q)(q3)+ 4q(q2)(q6)
= 1+ 2
∑
n1
(d1,3(4n)− d2,3(4n))qn + 4
∑
n1
(d1,3(n)− d2,3(n))qn
= 1+ 6
∑
n1
(d1,3(n)− d2,3(n))qn, (3.10)
where we have used the fact, which needs a little consideration, that
d1,3(4n)− d2,3(4n)= d1,3(n)− d2,3(n).
If we subtract (3.8) from (3.10), we ﬁnd
4q(q2)(q6)= 4
∑
n1
(d1,3(n)− d2,3(n))qn − 4
∑
n1
(d1,3(n)− d2,3(n))q4n.
(3.11)
The right-hand side of (3.11) is an odd function of q; if we divide by 4q and replace q2 by
q, we ﬁnd
(q)(q3)=
∑
n0
(d1,3(2n+ 1)− d2,3(2n+ 1))qn, (3.12)
from which (1.8) follows.
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If we invoke (2.3), (3.12) becomes
(q6)(q4)+ q(q2)(q12)=
∑
n0
(d1,3(2n+ 1)− d2,3(2n+ 1))qn, (3.13)
so
(q3)(q2)=
∑
n0
(d1,3(4n+ 1)− d2,3(4n+ 1))qn (3.14)
and
(q)(q6)=
∑
n0
(d1,3(4n+ 3)− d2,3(4n+ 3))qn. (3.15)
Eqs. (1.9) and (1.10) follow.
Eqs. (3.14) and (3.15) can be written, respectively,
(q2)((q12)+ 2q3(q24))=
∑
n0
(d1,3(4n+ 1)− d2,3(4n+ 1))qn (3.16)
and
(q6)((q4)+ 2q(q8))=
∑
n0
(d1,3(4n+ 3)− d2,3(4n+ 3))qn. (3.17)
Eqs. (1.11)–(1.14) follow.
Eq. (J2) is equivalent to
(q)4 = 1+ 8
∑
n1

 ∑
d|n, 4d
d

 qn. (3.18)
Now, the left-hand side is
(q)4 = ((q4)+ 2q(q8))4
= ((q4)4 + 16q4(q8)4)+ 8q(q4)3(q8)+ 24q2(q4)2(q8)2
+ 32q3(q4)(q8)3
= ((q4)4 + 16q4(q8)4)+ 8q(q4)2(q4)2 + 24q2(q4)4
+ 32q3(q4)2(q8)2. (3.19)
So (3.18) becomes
((q4)4 + 16q4(q8)4)+ 8q(q4)2(q4)2 + 24q2(q4)4 + 32q3(q4)2(q8)2
= 1+ 8
∑
n1

 ∑
d|n, 4d
d

 qn. (3.20)
We deduce that
24(q)4 = 8
∑
n0

 ∑
d|4n+2
d

 qn = 24
∑
n0
(2n+ 1)qn (3.21)
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and
8(q)2(q)2 = 8
∑
n0

 ∑
d|4n+1
d

 qn = 8
∑
n0
(4n+ 1)qn, (3.22)
which are (1.15) and (1.16). 
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